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Abstract 

Einstein Gravity can be formulated as a gauge theory with the tangent space 
respecting the Lorentz symmetry. In this paper we show that the dimen- 
sion of the tangent space can be larger than the dimension of the manifold 
and by requiring the invariance of the theory with respect to 5d Lorentz 
group (de Sitter group) Einstein theory is reproduced unambiguously. The 
other possibility is to have unitary symmetry on a complex tangent space 
of the same dimension as the manifold. In this case the resultant theory 
is Einstein-Strauss Hermitian gravity. The tangent group is important for 
matter couplings. We show that in the de Sitter case the 4 dimensional space 
time vector and scalar are naturally unified by a hidden symmetry being com- 
ponents of a 5d vector in the tangent space. With a de Sitter tangent group 
spinors can exist only when they are made complex or taken in doublets in 
a way similar to N=2 supersymmetry. 



1 Introduction 



The experimental evidence that Lorentz symmetry is preserved for effec- 
tive four-dimensional theories is overwhelming. In curved space-time this 
Lorentz symmetry is realized as a local symmetry of the tangent manifold 
[I] [2]. Moreover, to incorporate spinors in general relativity, we are forced 
to consider this local symmetry because there are no spinor representations 
of the diffeomorphism group. Usually the dimension of the tangent space 
is taken to be equal to the dimension of the curved manifold and then the 
Lorentz symmetry is simply a manifestation of the equivalence principle, 
which is valid in torsion-free theories. General relativity could then be for- 
mulated as a gauge theory of the Lorentz group where the gauge fields are 
the spin-connection. In reality one can search for all possible tangent groups 
in (i-dimensional space-time [3]. In this paper we will investigate whether 
it is possible to have a larger group of symmetry in the tangent space and 
still unambiguously reproduce general relativity. We will show in section 2, 
that this is indeed possible by taking the tangent space to be real with de 
Sitter group symmetry. The de Sitter gauge invariant action which is lin- 
ear in curvature is shown to be identical to Einstein gravity, provided that 
metricity condition is imposed on the spin and affine connections. In section 
3 we consider matter interactions of gravity with the de Sitter group as the 
tangent group. We then, in section 4, consider a complex tangent space and 
show that the relevant symmetry in this case is the unitary symmetry. The 
resultant theory is the Einstein- Strauss theory. Section 5 is the conclusion. 
An appendix treats the special limit of Poincare symmetry, and examines the 
relation of our new formalism in three dimensions with Witten's formulation 
of Chern-Simons gravity. 



2 Gravity with de Sitter tangent group 

Let us begin with a d- dimensional manifold and assume that at every point of 
this manifold there is a real N- dimensional tangent space spanned by linearly 
independent vectors v^, where A = 1,2...N. Assuming that d < N, the 
coordinate basis vectors e a = d/dx a , where a = l,2...d, span ci-dimensional 
space. Next we define the scalar product in the tangent space and take the 
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vectors to be orthonorma" 



va • v B = Vab- (!) 
where r] AB is Minkowski matrix. The Lorentz transformations 

w A = A/v fl , Aa°Vcd^a D = Vab (2) 

preserve the orthogonality of the vielbein, v^-ve = f] AB . The scalar product 
of coordinate basis vectors then induces the metric in d- dimensional manifold 

e a • ep = gapix 1 ). (3) 

Expanding e a in v^-basis 

e Q = ef vb, (4) 
and substituting in ([3]) we obtain the following expression for the metric 

9*P = Ca^VAB, (5) 

in terms of components. Tangent space indices are raised and lowered with 
the Minkowski metric, thus 

eAa = VAB^a = ( V A ■ e a ) , (6) 

and r\ AB is inverse to Minkowski matrix r\ AB . Next we consider parallel trans- 
port on the manifold relating vectors in "nearby" tangent spaces. The affine 
and spin connections determining the rules for parallel transport of the co- 
ordinate basis vectors and vielbein are defined via 

V es e Q = V p e a = T v aj3 e u , V^v^ = -u /3A B v B , (7) 

where is the derivative defining the rate of change of vectors along a 
basis vector e^. When applied to a scalar function / this derivative acts 
as a partial derivative with respect to the appropriate coordinates, that is, 
Vg/ = df /dx 13 . Notice that r\ AB and g a p as defined in (|Tj) and (J3J) are the 
sets of scalar functions and, hence, Vprj AB = 0, V 7 g a/ 3 = dg^/dx 1 = d 1 g a p. 

1 We use the notation and methods of Misner, Thorne and Wheeler ([!]), in particular 
Chapters 9 and 10. 
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Given T] AB , g a/3 and we derive the consistency (metricity) conditions 
for the connections by taking derivative of equations (pQ), ([3]) and (jB]). In 
particular, we obtain 

(V Q v A ) • v B + v A • ( V Q v B ) = -u aAB - u aBA = V a r] AB = 0, (8) 

that is, the spin connection should be antisymmetric with respect to tangent 
space indices, co aAB = —u aBA . Applying the derivative V 7 to d3J) gives 

^ay9iy/3 + ^j9aiy = d 7 g a p (9) 

Assuming that torsion is absent, Y u aj3 = Tp a , these equations are solved un- 
ambiguously, giving the well known result 

r I/3 = 7^ 7<T (flW + 9*P,a ~ Qa^a) , (10) 

where g 7<J is inverse to g a p, that is, g ao r g a p = 5 p. We would like to stress that 
affine connections are determined unambiguously irrespective of the group of 
tangent space. Finally, from (jBJ) we obtain 

dpe Aa = -u pA B e Ba + T u a pe Au . (11) 

Let us find when these equations can unambiguously be solved for cu /3B A in 
terms of the soldering form and metric g a p. The total number of com- 
ponents of is Nd. Given a metric g a p, whose derivatives determine T u a p 
via ffTUj) . and hence impose \d 2 [d + 1) constraints on dpe Aa , leaves us with 
d [Nd — ^d(d+ 1)) independent equations ( TTTj) to determine ^dN (N — 1) 
antisymmetric spin connections 0Jp AB . Note that for any N and d the num- 
ber of equations can never exceed the number of independent Up AB to be 
determined, and hence for any dimension of tangent space the system of 
equations is not overdetermined. However, the spin connection is unambigu- 
ously determined only if the number of equations is equal to the number of 
its unknown components: 

d (^Nd -^d(d+ 1)^ = ^dN (N - 1) . 

The only solutions of this equation are N = d and iV = d + 1. The first 
case is well known and thus we shall concentrate on the second case which 
corresponds to the larger symmetry group 5*0(1, d) of the tangent space. In 
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the case of a four-dimensional manifold the tangent space is five dimen- 
sional. The metric in 5d tangent space can then be taken either to be 
Vab = diag (1, -1, -1, -1, -1) or r) AB = diag (1, 1, -1, -1, -1). In the first 
case the gauge group is 5d Lorentz group 5*0(1, 4) which is also the group of 
symmetry of 4d de Sitter space (de Sitter group), while in the second case 
the group is 5*0(2,3) (the group of symmetry of 4d anti de Sitter space). 
For definiteness and from here on, we consider these cases only. Note that 
although the consistency equations do not lead to any contradiction for an 
arbitrary dimension of tangent space the connections are entirely determined 
by the soldering form only if N = d or N = d + l. Otherwise the spin con- 
nection is not unambiguously determined by the fundamental soldering form 
and the theory is not well defined. 

In order to construct gauge invariant Lagrangians we need to define 

el = 9 a ^e lA = (TW* (12) 
Rewritten in terms of e% equation ffTTj) becomes 

« = -^%-rv; (is) 

The soldering form e A is inverse to ef only if the of dimension of the tangent 
space and the dimension of the manifold match. In case of a de Sitter tangent 
group contraction over tangent space indices gives 

e\4 = 9 a ^AB^4 = 9 ai 9,P = S% (14) 
however, contraction over space-time indices gives 

e« A e B a ± S A B . (15) 

To prove this, let us introduce the unit vector n orthogonal to all e a , that 
is, n ■ e a = and n ■ n —e, where e = — 1 or +1 for de Sitter and anti de 
Sitter groups correspondingly. The vectors n and e a form a complete basis 
in tangent space and therefore 

v A = v%e a + n A n. (16) 

Taking into account ([6]) we have 

v a A = 9 ai K • e 7 ) = gTVAB^ = e% (17) 



4 



that is, the soldering form e A coincides with the coefficient v A in expansion 
(ITE]) . Taking this into account one gets 

Vab = v A • v B = v A v B g a ^ + en A n B = e a A e aB + en A n B , (18) 

or after rasing the tangent space index we obtain 

e a A e B = 5 B -en A n B = P A (19) 

where P B is a projection operator: PqP b = Pb- 
The components n A satisfy the following relations 

n A e\ = 0, n A n A = e. (20) 

To prove this let us note that it follows from ( JIB]) that ■ n = en A . Substi- 
tuting here the expansion 

n = n B v B , (21) 
we infer that n B = en B and hence 

n = en B v B = e (n B e B e a + n B n B n) , (22) 

from which f!20p immediately follows. 

In vielbein formalism the soldering form e a A is a fundamental quantity and 
the group of symmetry under which the theory is required to be invariant 
is the group of local Lorentz transformations (j2J), where B = A A B (x) . 
Under Lorentz transformation we have 

v A = A/v B = A A (e B e a + n B n) = e A e a + n A n, (23) 

and hence 

e a A el = A B e B (24) 
The transformation law for the spin connection follows from its definition: 

Substituting v B = A A c v c and taking into account ([7]) we infer that 

w M A fl ^w M fl =(Ao; M A- 1 )J + (A^A- 1 )J, (25) 
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where A and A -1 are the matrices corresponding to Lorentz transformation 
and its inverse. Up to this point, we have considered only vector representa- 
tions of the Lorentz group. In general, 

A = exp (X AB J AB ) (26) 

where Jab are corresponding generators of the Lie algebra which satisfy the 
commutation relations 

[Jab, Jcd] = ^ (Vbc j ad - Vac j bd - Vbd j ac + Vad j bc) (27) 
Consider spinors ip which transforms according to 

i> exp \^\ AB r AB j V, (28) 

where Tab = \ (r^r^ — ^ b^ a) are generators of the Lie algebra in the spinor 
representation and Y a are d + 1 Dirac matrices satisfying 

{r 4 , v B } = 2 V AB , r tA = r°r A r°. (29) 

We note that the signature of r\ AB does not play any significant role in the 
derivations that follow, and thus our results holds equally well for both de 
Sitter and anti de Sitter tangent groups. The Dirac action 

J d A x^iT c e%D Q *lj, (30) 

where 

D a = d a + \uj ab Tab, (31) 

is invariant under gauge transformations f[2~21) . ( 12 5 j) and (I28p . This action is 
real, thanks to the metricity conditions (I13p . 

Next one constructs the curvature of the connection defined by 

[D^D V ] = -R- AB T AB , (32) 



where 



V* H = d,u AB - d v u AB + u AC u vC B - uj ac uj^ c b . (33) 



This curvature transforms as 

(^/-►(AJiA- 1 )/, (34) 

and hence 

R(u)= e^ AB (u;)e Bl (35) 

is invariant under local gauge transformations. The gauge invariant action 
is then given by 



S = J d* Xy /gR(u) (36) 

Although this action appears to depend on the non-diagonal e^, it is a func- 
tion of only. 

To prove this we first find how the tangent space covariant derivative acts 
on the components of a vector 1 =l c vc- Using spinor representation for the 
vector we have 

D u (l D T D ) = dJ D T D + \u BC [T BC , T D ) l D . (37) 

Taking into account the commutation relation [Tec, I'd] = 2 {j] CD Y B — Vbd^c) 
one gets 

D v (l D T D ) = (dJ D + u v D c l c ) Y D , (38) 

and hence we deduce 

DJ D = d u l D + u v D c f. (39) 
In particular, it follows that 

D v e pA = d v e pA + u v A B e? B , (40) 
which in turn implies that 

[D„D„]e» A = Rj B (u)e B . (41) 
On the other hand, using metricity condition ffl3|) . we have 

D u e pA = -Y? a e° A , (42) 

and therefore 

D, (D u e? A ) = -D, (T^ A ) = - {d,T» va ) e° A - Y p va (D„e° A ) 

= -d,Yl^ A + K«V A . (43) 
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Taking the commutator one gets 

[d„ d v \ e» A = - (d,K a - d v v% + - rs.ry e° A 

= -W ovv (r) e° A . (44) 
Comparing this result with ( l4ip we arrive at the identity 

V* H e B = -^V (T) (45) 

which in turn leads to 

= R\ v , (r) <T = (r) . (46) 

This completes the proof that the gauge invariant action ( 1361) is equivalent 
to Einstein action and involves only those combinations of e\ which reduce 
to the metric g pu . The remaining |rf (rf + 1) independent combinations of 
e A components represent the \d (d + 1) gauge degrees of freedom associated 
with SO(l,d). Thus, we conclude that it is possible to formulate Einstein 
gravity as a gauge invariant theory with the tangent group being de Sitter 
or anti de Sitter. 

We would like to stress that in proving identity ( 146]) we never (and could 
not) assume that the soldering form e\ has an inverse and, moreover, this 
result is valid for an arbitrary dimension of tangent space. However, as it 
was noticed above the theory is well defined only ifiV = doriV = <i + l. We 
could also consider a gauge invariant action involving higher order curvature 
invariants. One can show that even in this case the action depends only on 
the metric g pv . To give an example consider all possible terms which are of 
second order in curvature 

R p AB R pa OD ( Cl e>* A e B e p c e° D + c 2 e^ c e p D e% + c 3 e c e D e p A e B ) , (47) 

because other terms are related to these three by symmetry. The first term 
is identical to R 2 (T), while for the second term we have 

V* M e^ B R pa CD (u;) e v c ef D = <TR V (H 9 vX R\ pa (T) • (48) 

after using the identity (145 p twice. Similarly, the third term gives 

V* M e p A e° B R pa CD (u;) e^ D = g^R\ pv {V) g^R\ pa {V) , (49) 

which proves that the most general action which is second order in spin- 
connection curvature is identical to the one that depends on affine-connection 
curvature. 
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3 Matter couplings 



We have seen that gravity is insensitive to the gauge group of the tangent 
space. In this section we will show that, to the contrary, matter "feels" the 
tangent space group. Let us consider the matter couplings in the case of 
de Sitter tangent group. In this case the fundamental spinors, vectors and 
tensors are defined as representations of the 5d Lorentz group of tangent 
space, and their Lagrangians must be invariant with respect to de Sitter 
symmetry. In vierbein formulation of gravity, we can exchange space-time 
tensors with Lorentz tensors. This is no longer valid for de Sitter tangent 
group because in this case the vielbein e A is not invertible and, for example, 
a vector in the tangent space is not equivalent to a space-time vector. In 
fact as we will show now the 5d de Sitter vector is equivalent to 4d space 
time vector and real space time scalar. Therefore, de Sitter tangent space 
"unifies" 4d vectors and scalars. 

Let us consider a 5d vector H, which can be expanded in terms of com- 
ponents as (see (TTB|) . ( IT7|) ): 

H = H A v A = H A e a A e a + H A n A n =H a e a + 0n, (50) 

where 

H a = H A e% <p = H A n A} (51) 

are the components of a 4d vector and a scalar, respectively. Multiplying the 
first equation by e B and taking into account f lT9"j) we derive 

H B = H Q e B +e<f)n B ; (52) 

since e B n B = and n A n A = e (see (12"U|) ) it follows from here that 

H B Hb — 9apH a H^ + 6(f) 2 . (53) 

Let us construct the curvature of H A 

F AB = D A H B - D B H A , (54) 

where D A = e A D a and D a is covariant derivative with respect to tangent 
space vector indices (see (139]) ); therefore, the components with only space 
time indices are scalars with respect to this derivative, for example, D a H^ = 
daH 13 . Taking this into account and using decomposition (1521 we find 

D A H B = e A e B dpH a + e p A H a D p e B + ee p A n B d^ + se^D^n 13 . (55) 
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The last term here is equal to zero. In fact, using the definition ([7]) we have 

d p n A = eVp (va • n) = -u pA B n B + ew A • V fl n, (56) 

and hence Dpn A = — e\ A ■ V^n. In turn, one can immediately conclude from 
Va (e a • n) = and (n ■ n) =0 that V^n =0 and therefore D^n A = 0. 
Using metricity condition f l4"2j) to express Dp£ B in terms of Y p va and inter- 
changing indices we then find 

Fab = e A e% (dpH a - d a Hp) + e (e A n B - e B n A J dpcj). (57) 
Note that Fab is invariant under the U(l) gauge transformation 

H A ^H A + e a A d a A, (58) 

which in terms of the space time components become H a — >• H a + d a A, 
— » 0. Squaring ( |57|) we will find the gauge invariant Lagrangian density for 
the massless vector field 

L = --F AB F AB = ~F aP F^ - \ed a ^^ (59) 

where 

F aP = d a Hp - d p H a . (60) 

Notice that we get the correct sign for the kinetic energy of the scalar field 
(p only in the case of de Sitter group (e = —1) while for anti de Sitter group 
e = 1 we get a ghost. We deduce that the formulation of gravity where the 
tangent group is 5*0(1, d) instead of 50(1, d — 1) unifies spins zero and spin 
one in one vector field. If we add to the Lagrangian the term (|5"51) both fields 
acquire the same mass. 

We now turn to spinors. Because they should respect 5d tangent Lorentz 
group it is well known that neither Majorana or Weyl conditions can be 
imposed on them [5]. Thus the spinors ip must be Dirac spinors. The Dirac 
action in this case is 

J ^gd 4 x (nPT A D A ^ - W^Y^) 

The spinors do feel the full 50(1, 4) local symmetry. This seems to be a very 
strong constraint as it implies that chiral spinors cannot exist if the tangent 
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group is 5*0(1, 4). This is similar to the situation in case of supersymmetry 
in five dimensions [5J, [7], or N = 2 supersymmetry. There, it was shown 
that it is possible to generalize the Majorana condition by taking a doublet of 
spinors [5j. The conclusion we must draw is then that the 5*0(1,4) tangent 
group implies that spinors must be treated in the same way as in N = 2 
supersymmetry. To couple the spinors to vectors, some gauge symmetry 
must be introduced. As an example, let us assume the existence of a U{\) 
gauge symmetry. In this case the covariant derivative D A ip becomes 

Da1> = U A (d, + ~^ B r^ + iH A \ $ , (61) 

which shows that the spinors exist in a unified interactions with both a scalar 
and a vector field, as was seen in the decomposition of the vector H A into a 
vector if M and a scalar </>. 

4 Complex gravity and unitary [7(1, d—1) tan- 
gent group 

As a tangent space one can also consider a complex vector space with Her- 
mitian scalar product satisfying 

(v, u) = (u, v)* , (v, cm) = a (v, u) , (62) 

where a is a complex number. It follows from here that (av, u) = a* (v, u) . 
As before let us introduce in this space the orthonormal basis (A = 
1,..JV): 

(va,v b ) =Vab- (63) 
The condition of orthogonality is preserved under U(l, N—l) transformations 

VA = U A c v c , U A c VcD (U A D Y = r ]AB . (64) 

For generality let us first consider the complex coordinate basis vectors e a 
(ct = 1, ...d) in d- dimensional manifold and show that in this case we obtain 
the Hermitian theory of gravity as formulated by Einstein and Strauss [8], 
[9]. Later on we will show that this theory can be consistently truncated 
to General Relativity while preserving the unitary structure of the tangent 
space. 
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Assuming that N > d we can expand the coordinate basis vectors in 
terms of vielbein vectors, e a = e^v^, and then the metric on the manifold 
can be expressed as 

g a/3 = (e Q , e p ) = e^efr] AB . (65) 
This metric is Hermitian 

g a p = (e a , eyj) = (ejg, e a )* = 

In the case under consideration the affine and spin connections are defined 
exactly as in (J7J). Taking derivative of (15"5|) and using definition in we 
obtain 

= (V 7 e Q , e^) + (e a , V 7 e (3 ) = I^*^ + T v ^g au . (66) 

These <i 3 equations can be solved unambiguously for T^ p in terms of metric 
g a p only if we impose the hermiticity condition 

r£ = C (67) 

which leaves us with d 3 components to be determined. Unlike the real case 
equations (16 7p can be solved only perturbatively. They were first imposed 
by Einstein in his formulation of Hermitian gravity which he referred to as 
the "H — " condition [S], [2], [ID]- Similar to flS]) we derive a condition on spin 
connection 

u aA C VcB = ~ (u aB C YvcA, (68) 

which leaves N 2 d independent components. Taking derivative of (v^, e a ) = 
e aVAB we derive the following metricity conditions 

d,e A a =u lB A e B a (69) 

Taking into account that d 3 equations (161)]) determine through <9 7 e^ we 
are left with 2Nd 2 — d 3 equations to find N 2 d independent components of 
ou aA . The number of equations match the number of unknown components 
only if N = d, that is, when dimension of complex tangent space coincides 
with the dimension of the manifold. Hence the gauge group of the tangent 
space can be only U(l,d — 1) [11J. In this case we can define the soldering 
form e B , which is inverse to : 

<%ei = 8i, e« A ej = 8% (70) 
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The metric with upper indices is then given by 

<T = e^ B *V AB , (71) 

and it is inverse to g a p 

g a u9 Pu = 8^ g av g^. (72) 
Similar to (T4T]) the curvature of the connection co^ A B can be defined as 



[D„D V \ e A = R 



B 



co e. 



= (d^ uA B - d v u^ A B + u^ A c u vC B - uo^uo^) e%. (73) 

On the other hand, using the metricity condition, we have 

[Dp, D v ] e A = - (d,T% - d u T^ + T^T; U - T° V T^) e A 

= -R° mv (T) e% (74) 

and it follows from here that 

^V( r ) = -<V B M e s- (75) 
In particular, the scalar curvature 

R (co) = V AC e£R, uA B (co) e B = -V A °e^R%, u (T) e A 

= g^R% v ^(Y) = R(Y) ) (76) 

is U (1, d — 1) gauge invariant. The scalar curvature is real, 

R* (co) =R(co). (77) 

To prove this we first note the identity 

{R,uA B ("))*= -R,uC D («0 V CB V DA , (78) 

which follows from equation ( I73|) taking into account ( 168]) . Using this relation 
together with (!75|) we obtain 

(H)* = ~ef {R, uA B (co))* e B * = efR^ (co) V CB VDA e B * 

= -V CB e K c e B *R\, u (T) VDA^ef* = -g™R\„ v (V) g Xp . (79) 
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It follows from here that the tensor 

R p ^ v {Y) = R\^{Y)g Xp , (80) 
is antihermitian with respect to exchange of first two indices 

{Rnpnv CO) = —Rp K fiu (r) , (81) 

and it is antisymmetric with respect to exchange of the last two indices (see 
(1741 . Taking this into account we have 

R* (r) = (gWg™R ap ^y = g^g^R^ = R (T) , (82) 

and because R (u) = R (T) , this completes the proof of reality of gauge 
invariant scalar curvature. 

The identity flHTj) was not noticed by Einstein and this forced him to 
construct Hermitian combinations of the curvature tensor. As we see this 
is not necessary because one can use instead the real scalar curvature as 
Lagrangian density. 

If we write the connection as 

= + )pA ( 83 ) 

where 

^/ = °> ( 84 ) 

the curvature splits into two pieces 

R^ A B H = R^J (fi>) + - d R^ vC c {(b) 8% (85) 

where 

R^vA (w) = [p^ vA B - dyU)^ 13 + u^u^ B - u) uA c u^ c B ) , 
Rp.vc M = ~ dv&n- (86) 



It follows from here that 



R (u) = r) AC e£R* (fi>) + Vit^/ 7 (*) = + U (w) , (87) 
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where R = g VfJ, R IJiU A A is another scalar curvature invariant. Therefore it can 
be added to the action with an arbitrary coefficient leading to the following 
most general gauge invariant first order action 

* = j (ss) 

It must be stressed that we are using here a second order formalism where 
the field uj^ a b is determined by the metricity condition and not by the field 
equations. The best strategy to analyze this action is to solve for oj^ a b in a 
perturbative expansion in terms of e^. 

We can understand the above results by noting that the gauge invariant 
action allows to use the gauge invariance to reduce the independent com- 
ponents of to those of g a p. In other words we expect that because of 
U(l, d — 1) gauge invariance, the action depends only on the metric 

9a/3 = e a e p*VAB = G a f3 + iB a p. 

This theory was considered before using a first order formalism where the 
spin-connection was determined from the equations of motion [11]. This is 
possible only when the action depends quadratically on the spin- connect ion. 
However, the U(l) part Cj of the U(l, d—1) connection being abelian, appears 
linearly. This then imposes a constraint on the antisymmetric part of the 
metric 

d a (\dete^\B afi ) =0, (89) 

which thus remains undetermined [TTJ. This is to be contrasted with the 
second order formalism where all spin-connections are determined from the 
metricity condition. 

We arrive to an interesting case by requiring that the metric g a p to be 
real. This is equivalent to truncating the B a p field. Let 

4 = <o) (90) 

so that 

G afi = (e« (0) e^ (0) + e a(1) e| (1) ) r] AB} (91) 

B a p = ( e a(l) e f(0) _ e a(0) e ^(l)) VABi (92) 
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Truncating B a p gives \d (d — 1) constraints on the 2d 2 (real) fields e^r \ and 
e^ny In this case the afSne connection is also real and its \d 2 id + 1) com- 
ponents are Christoffel connection for the metric G a p. The remaining 

2d 3 - ^dd (d - 1) - ^d 2 (d + 1) = d 3 

independent equations (169]) are then enough to unambiguously determine d 3 
components of uj^ a b - This implies that it is possible to enlarge the tangent 
group to become U(l, d — 1) and still obtain the Einstein gravity without any 
modification. The coupling to matter will, however, feel the tangent group 
U(l,d-1). 

Matter coupling. When the tangent group is {7(1,3) then from the 
previous discussion it should be clear that neither the Majorana nor the 
Weyl condition could be imposed, except if a doublet of spinors is taken. 
Thus, as with the 50(1, 4) case we must take a Dirac spinor, or a doublet of 
Majorana or Weyl spinors, again as in the N = 2 supersymmetric case. We 
note the isomorphism of the algebras 

U (1, 3) ~ 50(1,5) x 50(1,1). (93) 

It is easy to see that U (1, 3) has ten compact generators and six non-compact 
generators, while 50(1, 5) has ten compact generators and five non-compact 
generators and 50(1, 1) has one non-compact generator. Thus spinors in the 
case of unitary tangent group will exhibit conformal local symmetry. 

Gravity has a universal coupling to matter. One way to classify the fields 
is according to their behavior under the diffeomorphism group, or equiv- 
alently under the tangent Lorentz group. A complex scalar field has the 
following couplings 

J d^y/detgg^d^d^*. (94) 

For a massless vector it can be easily seen that the action can be written in 
terms of a complex space-time vector with the action 

J d A x^/d^~ggWg™F^F; a . (95) 

Similarly we can treat the case of fields which are in the vector representations 
of the gauge group. The fermions have more complicated couplings. First, a 
Dirac spinor has the {7(1, d — 1) transformation 

^ e * A * r - 4ri V, (96) 



16 



where T A and T A satisfy the relations 

{T A ,T B }=0, {T A ,T B } = 0, {T A ,T B }=5i, 

and thus T A T B are the generators of U{\, d— 1). We can define the Hermitian 
Dirac matrices 

Y = &a t a + e» A r A , 

The covariant derivative is given by 

D^ = d^ + u llB A T A T B ij, 
Hermitian Dirac action is then 

Therefore, Dirac spinors do couple to both the symmetric and antisymmetric 
components of the Hermitian metric. 

5 Conclusions 

We have shown that Einstein gravity exhibits universality when formulated 
as a gauge theory of tangent space group. Besides of the well known natural 
case when the tangent space has the same dimension as the manifold, we 
discovered two other possibilities for General Relativity to be reproduced 
and the theory still remains unambiguous. Namely, we have shown that 
in the four dimensional case the tangent space can be five dimensional and 
possess (anti) de Sitter group of symmetry. This group is important when 
we incorporate matter couplings to the gravitational field. As an example, 
we have shown that de Sitter tangent space group allows us to "unify" 4d 
vectors and scalars which become components of the same five dimensional 
vector in tangent space. Even more dramatic are the consequences of the 
tangent space symmetry group on fermions. They become fundamentally 
five dimensional and neither Majorana nor Weyl conditions could be imposed 
on them. This situations is similar to N = 2 supersymmetry where we are 
forced to generalize the Majorana condition by taking a doublet of spinors. 
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We also would like to note that if we impose an extra U (1) local symmetry in 
the tangent space then the spinors would exist in a unified interaction with 
both scalar and vector fields. 

Another interesting possibility arise when we consider complex tangent 
space of the same dimension as the manifold. In this case the group of 
symmetry is the unitary group. This gives rise generically to the theory of 
Hermitian gravity, where the basic fields are the symmetric and antisymmet- 
ric components of the metric, which coincide with the basic fields appearing 
in effective open string field theory. It is interesting that this theory can be 
consistently truncated to Einstein gravity, while still preserving the unitary 
group of tangent space. In turn, this has interesting and nontrivial conse- 
quences for the coupling to matter which should respect this symmetry. In 
a forthcoming paper [12] we shall explore the implications of these new for- 
mulations of gravity, especially in regard to the spontaneous breakdown of 
these larger symmetries down to the SO(l,d— 1) symmetry. 



6 Appendix: The Poincare limit and 3d CS 
gravity 

In this appendix we examine the special case when the radius of the de Sitter 
tangent group becomes infinite, which corresponds to Poincare symmetry. 
Later we shall also investigate the correspondence with Chern-Simons gravity 
in three dimensions which also have de Sitter or Poincare symmetry [13] , [TJ] . 
The SO(l, d) group generators satisfy the commutation relations 

[Jab, Jcd] = -- (Vac j bd - Vbc j ad - Vad j bc + Vbd j ac) ■ (98) 

Splitting the range of the index A = a,d, where a = 0, 1, ■ • • , d — 1, and 
similarly for the other indices we get the usual 5*0(1, d—1) for the J a b, while 
for J a 2 = RP a we have 

[Pa,Pb] = -^Jab- (99) 

Thus, in the limit R — > oo the de Sitter tangent group becomes the inhomo- 
geneous Lorentz group, i.e. ISO(l, d—1) also known as the Poincare group. 
The covariant derivative 

= d^ + u£ B J AB , (100) 



18 



implies that the field ui°f must be defined as cu'jf = -^b a so that 

D, = d^ + uj« b j ab + b;p a , (ioi) 

is independent of the radius R. The curvatures in terms of the redefined fields 



are 

ab 



(102) 

Rp, a ~ d = 7^ ( W ~ d,K + ufbvc - <\c) ■ (103) 

The zero torsion condition on e\ is consistent in the limit R — > oo if we 
define 

= (104) 

so that 

^-^x + r p >^ = o, (105) 

which allows us to calculate b a u in terms of & . The field u„ ah is solved from 
the condition 

+ W/ia »e£ + J^&Jc" + r^eg = 0. (106) 

Writing the gravitational action in terms of the rescaled fields, we expand 
e\R^ B H e" B to get 

« - d v u; b + co; c u uc b - uj"^ b - ^ {b a X - 

+ i^c" (d^ - 9,6; + W ; c 6, c - Wl/ «V) . (107) 

Therefore it is clear that in the limit i? — )■ oo the connection w,f b coincides 
with the 50(1, d — 1) Lorentz connection and the action becomes identical 
to the Einstein-Hilbert action. The fields b° and & drop out of the action. 
Thus in the limit of ISO(l,d — 1) the action is indistinguishable from the 
5*0(1, d — 1) invariant action for gravity. 

For matter couplings, especially for the vector H A , the gauge transforma- 
tion is 

5H A = \ AB H B , \ AB = —\ba- 
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Denoting Hj = (p and A a ^ = ^X a , the gauge transformations of H a and (ft 
are 

Mr. = A^ff' + ^K4>, 

Thus, in the limit R — > oo the fields H a and remain in the action as spin one 
and spin zero fields, but they decouple in the transformations and become 
independent. 

When our 50(1, d) gauge invariant gravitational action is taken in three 
dimensions, it is natural to ask whether the action obtained is identical to 
the Chern-Simons action which was also shown by Achucarro-Townsend [13] 
and Witten [TJ] to be equivalent to the Einstein action in three dimensions, 
but with a cosmological constant. In the Chern-Simons construction one uses 
only the gauge field cu p B where the CS action is 

Ics = lJ d?xe^e ABCD (uftKu,™ + \u> * °) ■ (108) 

Using the same decomposition for u p B as before, we get 

i J d*xe^e abc b« [d v u p hc + co u be co pe c - -^&, c ) > ( 109 ) 

which is the the first order formulation of the Einstein action plus a cos- 
mological constant, with the dreibein field 6". The special case with the 
ISO(l, d — 1) gauge group can be recovered by rescaling the action by R and 
then taking the limit R — > oo. In our treatment, there is also the additional 
field which is not a gauge field. The field is given by 

b; = 2e a v V,c\ 

where e" is the inverse of e v a . Our action can be expressed in terms of e v a 
and a non-propagating field & '. Comparing the two formulations, we deduce 
that the field b® must be identified with e*. Although e a p is not a gauge 
field, it can be shown, using the torsion constraint, that its diffeomorphism 
transformation with parameters can yield the same gauge transformation 
as 6° with the gauge parameter A a = e a C^ [H]. It then clear that although 
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both formulations have the same gauge symmetry, they have different field 
configurations. Moreover, the usual matter couplings in the CS formulation 
are not possible because the dreibein is a gauge field. Any direct coupling 
to matter breaks gauge invariance, except for coupling to Wilson lines. In 
our case since e\ is not a gauge field, a gauge invariant metric can be easily 
formed g^ u = e^e uA and coupled to any form of matter desired. 
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